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Abstract:

This study provides an in-depth examination of cholera-measles epidemics through a fractional-
order mathematical model that integrates essential preventive measure of treatment rate and vac-
cination efficacy. By employing fractional calculus, the model captures the memory and hereditary
properties of disease transmission dynamics, offering a more realistic representation than classical
integer-order models. This consists of multiple compartments representing the progression of each
disease, with control measures such as treatment, vaccination, water sanitation and public health
awareness integrated into the system. Sensitivity analysis further identifies crucial parameters influ-
encing disease dynamics, guiding resource allocation for optimal control. Using a numerical itera-
tion of Laplace Adomian Decomposition method on the model to see the effect of treatment rate on
measles and vaccination efficacy on cholera transmission as these changes reduces the spread of the
diseases. The results reveal that fractional-order model not only enhance the accuracy of epidemic
forecasting but also demonstrate the effectiveness of timely and combined preventive strategies in
reducing infection rates. The findings indicate the relevance of fractional modeling and provides
valuable insights for informing strategic planning efforts to cease cholera-measles transmission.

Keywords: Fractional-order, Cholera-measles, Treatment rate, Vaccine efficacy, Laplace adomian de-
composition method.

1. Introduction

Cholera-measles remain persistent public health challenges, particularly in regions with limited
access to clean water, vaccination programs and adequate healthcare infrastructure. Despite numer-
ous efforts to control their spread, these diseases continue to pose significant threats due to their
high transmissibility and periodic outbreak patterns as discussed in [1]. Understanding the complex
dynamics of their transmission is crucial for developing effective intervention strategies by [2]. An
investigation into the dynamics of cholera-measles epidemics through the application of a fractional-
order mathematical model [3]. Unlike classical integer-order models, fractional-order models incor-
porate memory and hereditary characteristics, which are essential in capturing the long-term effects
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of infection and control measures [4]. By utilizing fractional calculus, the model offers a more accu-
rate and realistic research for analysing epidemic behaviour over time.

The model is structured into multiple compartments that represent the different stages of disease
progression for both cholera-measles [4]. It integrates preventive strategies in the like of treatment,
vaccination, water sanitation and public health awareness, thereby reflecting real world intervention
scenarios [5, 6]. Numerical simulations are employed to examine how variations in these control
measures influence disease spread and to assess the model’s predictive capabilities. Furthermore,
sensitivity analysis is conducted to identify prominent parameters of the model that significantly
affect disease transmission and its control outcomes [7]. These analysis helps to prioritize resources
and optimize intervention efforts [8, 9]. The results demonstrate that fractional-order models not only
improve the precision of epidemic forecasting but also highlight the effectiveness of timely, combined
preventive actions.

However, the results from this research provide valuable insights into the application of frac-
tional modeling in epidemiology. It offers a scientific basis for strategic planning and resource allo-
cation aimed at mitigating the impact of cholera-measles outbreak [9-13]. By supporting strategic
decision-making in disease control, this research contributes to the development of more robust and
responsive disease control programs.

2. Materials and Method

2.1. Model Formulation

The model formulation is divided into population of susceptible S(t), vaccinated V'(t), exposed
E(t), infected I(t) and recovered R(t). The population of exposed and infected are sub-divided into
two (E1, Eg) for cholera and (I3, I2) for cholera and measles respectively. The level of individual
migrating into the population at IT and transmission rate of cholera-measles disease between the two
or more population is at the rate of . Cholera transmission rate is at § while the environmental
bacterial capacity of the disease multiplicative effect is at a rate c and enlightenment through educa-
tional program initiatives on the rapid spread and how deadly cholera-measles is at a rate of 5; and
2. Prevention on the spread with a waning rate n and regular treatment of cholera-measles disease
with environmental exposure is at rate of 7. An infected individual are subjected to recover at a rate
of r and p. More so, set of bacteria exposed individual from the susceptible population through water
treatment, hygienic practices and vaccination from birth goes to the recovered population through
w and also with an induced rate ; and 2 in the disease progression when immunity level is high.
Respective individuals across the sub-population are subjected to mortality rate by .

Here, the dynamics of the model is modified to be of fractional order derivatives which display
a realistic behaviour of the effect of each parameter in the model. Thus, this is shown in System 2.1
and Figure 2.1 below,

Figure 2.1: Schematic diagram of the model
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DnS(t)y=1— 1S — S —aSlh — (T +w)S + B2V — uS

DV (t) = p1S — (B2 + )V
DBE\(t) =S — (c+n+ u)Er
D™MEy(t) = aSIy — (0 + p)Es (2.1)
DBL(t)=7S+ (c+n)E1—(e+ o1 +r+p)

D I5(t) = ocEy — (02 + p+ p) 12

D" R(t) =wS + (r+e)1 + plo — pR

Subjected to the initial condition

S(0) = 50,V (0) = vo, £1(0) = eq, E2(0) = eo, [1(0) = 1o, I2(0) = ig, R(0) =79 > 0 (2.2)

Table 2.1: Parameters description, values and references

Variable  Description

S(t) Susceptible population

V(t) Vaccinated population against measles

Eq(t) Exposed population to cholera

Ey(t) Exposed population to measles

LI(t) Infected population with cholera

I(t) Infected population with measles

R(t) Recovered from either or both disease

Parameter Description Values References

N Total population 120,000 [10]

II Recruitment rate 1.023 [3]

B Cholera transmission rate 0.13786 [1]

« Measles contact rate 0.005 [11]

51 Measles vaccination rate 1.087 [1, 4]

(B2 Vaccine waning rate 1.00 [2,9]

T Cholera infection from environment 1.42 [6]

w Health education rate 0.8137 [7,13]

c Environmental bacterial contribution 0.126 [5]

] Cholera immunity waning rate 0.382 [12]

o Progression rate from exposed measles to  0.181 [10]
infected

€ Cholera treatment rate 0.2582 [13]

r Cholera recovery rate 0.1622 [3]

p Measles recovery rate 0.118 [1]

61 Cholera induce-death rate 0.0163 [2,7]

O Measles induce-death rate 0.9828  [11]

I Natural death rate 1.00 [2]

2.2. Definition of Preliminaries

Some fundamental definitions and properties in fractional calculus are given in this section.

Definition 2.1. According to [2], a real function ¢(t),t > 0, is said to be in the space C},, » € R if there
exist a real number m > p such that ¢(t) = t™p;(t) where ¢1(t) € C(0,00) and it is said to be in the
space C", if and only if (™ € Cy,n€N.
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Definition 2.2. The Riemann-Liouville fractional integration of order n > 0 of a positive real function
@(t) € Cpu, > —1,t > 01is defined as equation 2.3 as defined in [12].

Io(t) = F(l) /0 (t — )" p(z)da such that I%(¢) = (1) (2.3)

Ui

The following properties hold for fractional integral operator 1" for ¢(t) € Cup>—1,n,002>0
and 8 > —1:

1. IM%p(t) = ITop(t)
2. II%p(t) = I°IPp(t)

r'(8+1) t77+5
T'(n+B8+1)

3. IMToy(t)

Definition 2.3. The Caputo Fractional derivatives of a positive real function ¢(t) given as D"¢(t) is
given in equation 2.4 as defined in [4]

1 ¢ n
D" == — z)" L) -1 < N 24
o(t) F(n_n)/o(t z)T o\ (x)dx forn <n<n,ne ,t>0,g066_1 (2.4)

The following property holds for fractional integration of the Caputo Fractional derivatives, for
n—1<n<n,neN,t>0,¢¢c 1, then

n—1 k
PD7s(0) = olt) = 3 p P 0 @5
k=0 '

2.3. Existence and Uniqueness of Model Solution

The System 2.1, which describes an epidemic disease within a human population, should have pa-
rameters that are nonnegative. To ensure that the system of differential equations in 2.1 is both math-
ematically and epidemiologically well-posed, it is essential to demonstrate that the state variables in
the model are nonnegative. System 2.1 is well-posed when the system starts with non-negative initial
conditions S(0) = sg, V(0) = vg, E1(0) = e, E2(0) = eq, I1(0) = ig, I2(0) = ig, R(0) = ro; In that case,
the solutions of system 2.1 will persist in being nonnegative throughout their evolution, ¢ > 0 and
that these positive solutions are bounded. We thus apply the following theorems.

Theorem 2.1. Let (x,y) be distinct points of normed linear space (X, || - - - ||) over R. Then the map of
p:[0,1] CR — (X, || ---|), such that p(A) = Az + (1 — \)y is continuous on [0, 1].

Proof. Let A\g € [0, 1] then p(Ag) = Moz + (1 — A\g)y for any A\g € [0, 1],
y

I2(A) = pQAo)ll = [[(A = Ao)z + (A = Ao)yll < [A = Aol (llz]] + llyl]) (2.6)
If ¢ > 01is given, let § = HIHEW If IX — Xo| < 9, then the ||[p(A) — p(Xo)|| < e. Therefore, p is
continuous at \g. Since )¢ is an arbitrary point in [0, 1]. Then p is continuous on [0,1]. Let X be a

linear space over R. If (z, y) are distinct points of X, the set Az + (1 — Ay liesin0 < A <1
Hence, the solutions of system 2.1 are bounded if we consider the total population

N(t)=8(t) + V(t) + E1(t) + Ea(t) + I1(t) + I2(t) + R(2) (2.7)
The variation in the total population concerning time is given by:

d]:lft(t) _ %(S(t) +V(t)+ Ei(t) + Ex(t) + I (t) + I(t) + R(t))
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AN — T1— (S (t) + V(t) + Ex (t) + Ba(t) + 11 () + In(t) + R(t)) — oI When no outbreak
of cholera, 6 = 0. Thus, substituting 2.4 into 2.5 as time progressively increases yields:

lim N(t) < lim [H + (N(O) - H) e_“t] _ 1 (2.8)

t—o00 t—o00 ) ik

If so N(0) < %, as N(t) < % This is a positive invariant set under the flow described by 2.3 so that
no solution path leaves through any boundary RS . However, it is sufficient to consider the dynamics

of the model in the domain RS . In this region the model can be considered has been mathematically
and epidemiologically well-posed. O

2.4. Positivity and Boundedness of Invariance Region

This shows that the total population N(t), and the subpopulation S(t), E(t), I(t), T(t), R(t) of the
model are bounded and is a unique solution. Hence, its applicability to study physical systems is
feasible.

Theorem 2.2. Suppose X = x is a space of consecutive real number and which are defined as

z,y) = (Z m“) T a1 (2.9)
i=1

X with the metric is called (¥ space. If S.%° |z < oo or absolutely convergent and L(x,y) =
1
(3222 |z — yi|h) @, then X with this metric is called an (% space.

Proof. It can be checked that for each n:
0<a}+a3+a3+...+22 < (|o1] + |v2| + |z3| + ... + |2a])?
This will result to;
of + 25 < (1] + |z2])?

Therefore,
1
0< (m%+m%+x§+...+wi)§ < (|x1] + |@e| + |23 + - .- + |20

If >°0° | |zn| converges, thatis Y | |z,| is absolutely convergent, then

o
0< @2 +ad+ad+...+22) <|or|+ |za| + zs| + ...+ [zal = ) |2a] < 00 (2.10)

Therefore,
o
0<a,=at+ai+ai+.. +22< [Z|xn|] < 00

These sequences z,, is monotone increasing and bounded above, it therefore converges. Thus
>°° | & converges absolutely, if z,, € ¢!, then z,, € (? where ¢! < (% In case of ¢! denote the set of
all sequences of z,, of real numbers such that >, z, is convergent absolutely ied 2 |zn] < o
whereas (? denote the set of all sequence z,, of real numbers such that > >° ; 22 < oo converges. From

the proceeding z,, € (* <> x,, € C 2j.e. ¢t C (2. Further, if z,, = 3 ,then Y >° | |z, | diverges and thus
Ty & CLoBut Y00 a2 =37 3 converges, implying that a:n € (2. We conclude that ¢! C ¢? and

n=1

thus ¢! # 2. If (v, yn) are sequences of real numbers, then;
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> (wi—yi)? < Zx%ny +2 Zﬁ] [Zyl?] (2.11)
n=1 = = = =1

Therefore if Y 0% | 22 < coand > oo, y? < oo then Yo% | (x; — y;)? < oo for all n. The monotone
increasing sequence [Z " (T — i) ] is then bounded above and hence converges i.e. > (z; —
yi)? < oo. Thus (z; — ;)2 € C2 if (2, yn) € 2

Given that the S(0) = so > 0,V (0) = v > 0, E(0) = ¢ > 0,1(0) =ig > 0,7(0) =ty > 0, R(0) =
ro > 0, and ¢ > 0, then the solutions S(t), V(t), E(t), I(t),T(t), R(t) of the System 2.1 will always be
nonnegative. Let:

¥ = {(S(t),V(t),E(t),I(t),T(t),R(t)) €N N(t) < Z} (2.12)
If f;,1=1,2....6 where f is a constant.
Then,
dfi| dfi| dfi | df1
‘dS —|(ﬂ+51+a+u+r+w+5)\<oo,‘dv = |52] < o0, dE, = 10| < o0, a5, = 10| <
df1 _ dfv| _
=181 < | | = ol <0, | T =10 < o
dfa| dfy dfs dfa | dfa|
'dS —‘51‘<OO, dV ‘BQ+M‘<OO‘ |0‘<OO, dE2 —|0‘<OO, d.[l _’0|<OO7
dfa| _
dfs| dfs| dfs | dfs3 3|
L] = 181 < oo o =101 < o0, | ) — el < | o2 = 0] < oo 2| = 151 <
dfs If3
9 i) 2.13
L] ol < e |2~ 0l < 1)
dfa dfs dfa dfa dfa
— | = —_— = _ _ 0
4] = 1ol < oo it = 101 < o0 5] = 01 < . | 2| = ot < o0, | 1 = o] <
I~ ol <[] =101 <0
dfs| dfs dfs | Ifs |
B =l < oo [ T2 = ol < |02 = ot < o0, 2 o < o
dfs dfs | dfs|
‘d[l L, = 10| < o0, iR = 0] < >
dfé| dfs dfe | dfs | dfe |
)dS = 0] < o0 qv = |0] < oo, dE, = |0] < oo, B, = |o| < o0, al, = |0] < oo,
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dfs| dfs|
‘dlg = |02+ p+ p| < o0, R = 0] < o0
dfa| _ dfs| _ dfs | _ dfs | _ dfa| _
'dS = |w| < o0, ¥ G = |0] < oo, B, = 0] < o0, B, lo 4+ u| < |ar, |r + ¢| < o0,
dfy| fa|

Equation 2.13 confirms that model equation 2.1 is bounded, invariantly and attractively influen-
tial on the bounded region of R’ representing a physical problem. O

2.5. Disease Free Equilibrium

The cholera-measles-non-infected equilibrium state represents a situation where by the disease
model is entirely free from vibro-cholerae and measles spread. Consequently, it follows that the
number of exposed (E1&E;) and infected (I1&1>) population in equation 2.1, i.e. By = Ey = I} =
I, = 0. The solution for the cholera-measles-free equilibrium point can be derived as follows: Let

N=S*"+V*+E+E;+I}+I; +R=0 (2.14)

When no outbreak of cholera-measles infection was observed, infectious population at ¢ = 0,
from 2.1, equation 2.15 below is the result obtained when no cholera-measles outbreak is observed.

51[M(52+N+P)+U(52+P+N)]’07070707R0:LSO

w
(2.15)

g~ Ltpltptp)+ol@tptp)
0~ ao 0 ao (B2 + )

2.6. Endemic Equilibrium Point

We examine cholera endemicity in a population of exposed and infected, focusing on strate-
gic interventions in the like of awareness rate and vaccination, with the aim of long-term elimi-
nation mechanism. Measles being a water borne receptor of pathogens can aid persistency with
water logged regions, to curb the emanation of this outbreak in endemic regions over time, the
frequency of cholera-measles on (S,V, E1, Ea, I, I, R) at t # 0, stressing the dynamic aspect of it
to gauge the crucial role in its infectious diseases and protection against the total population. Let
e = (S, V* E},E5, I, I3, R*) at steady state when Ey, Es, I, I; # 0. Examine the system In equa-
tion (2.1). The endemic equilibrium point for respective populations are:
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M+ 281(01 + p) + alc+n)[(T+w+7r+ p)
Voletn+p) +8(y+(o+p+e)?—(u+7+p)
(rt+e)my(atp+b)

(e+c+n)a+(0+p+ B1)(p+ o+ )
et at B+ (ptetfo)Vio+0+p)(0+p+w)

' [1?(01 + p+ B) + (e + 7+ )] ’
B (e+c+n)’B+ (u+w+ (Bi+p2)

P Btpta) = pPllatato)—(ctrtn)]

V(E+0+7+p) (62 + p+61)

St =

V=

(2.16)

= oot ptw
. (p+pte) L V(e WGt ntp)
(a+pu+B)(p+dh+e+d)] (A+a)lp+ptw)
Rt — (a+p+7) N (+et+atm)]+ Fdf

[1?(B + 1) — (e + ¢+ )] (B+a)(y+p+w)(e+p+o)

2.7. Basic Reproduction Number

The basic reproduction number, denoted as R.. It is necessary to quantify the probability of new
cholera-measles infections resulting from a single carrier or sick person in a population without prior
symptoms. Using the next-generation matrix approach to create the system described in equation
2.1, focusing on the infectious classes of (E1, Eo, I, I2). The F and V matrices, which represent the
rates of new infections and transitions into and out of the infected compartment, respectively, are
computed as part of this methodology. These matrices are obtained using a complex derivation from
the equations in System 2.1, R, = p(G — \) taking G = FV ! and p is the spectral radius of the
matrix |G — AI|. From the system of equation 2.1 it is obtained for matrix F' and V:

Fl_< O ) VZ_( Oz ) @17)
(c+n+p)Er
Pr+B+a+(t+w)+ B2+ p)So+ B2Vo —aSIy + (0 + p)Es
f= 8 U= —rS—(c+n)E1+(e+o+r+pnh

—0Ey + (02 + p+p)l2

Then, this is obtained as
O+ u(de+p+p) + 002+ p+p) + Bilu(d2 +p+p) + 002+ p + p)]

0 00
ao (B2 + )
F= 0 0 00
0 0 00
0 0 00
(c+n+p) 0 0 0
0 (0 + ) 0 —a
V= 2.18
—(c+mn) 0 (e+61+7+p 0 (2.18)
0 —0 0 (02 +p+ 1)
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I+ p(02+p+p)+o(d2+p+p)+Bilu(d2+p+p) +0(d2+p+p)

a0 (B + 1) vl
Fv—t=_L 0 000
0 0 00
0 0 00
Considering the respective values of a = (c+n+p), b = (0+p), c = (e+d1+r+p), d = (d2+p+p)
R, Ttpllatputp) toatptp)tbilutptp)+aldtptp) (2.19)

ao (B2 + p)(c+n+p)(o+p)(e+ o1 +r+p)(d+p+p)

2.8. Quantitative Analysis of R

Here, a quantitative analysis of R. was conducted to assess its metric progression concerning
each intervention method. By excluding the values of intervention parameters, we assess equation
2.19 using the baseline values provided in Table 2.1, yielding equation 2.20, subsequently resulting
in equation 2.21 through 2.26. The outcomes of these calculations are presented in Table 2.2.

TI[(1 — 0.04223)8; + 1.9837 + 2.82361] — (0.16; + 1.27¢)

Ry = 2.20
[(2.877n — 1.97362w + 0.387360a) (1 — 0.765305) 2] (0.9972 + 0.5243436)) (220
R. = f(B1)| 5=0 = 0.717351 + 2.936632 — 0.0832a — 1.22603 (2.21)
d;rz:=0
R. = f(n)‘ o = 1.340n + 0.5593¢ + 0.28300 (2.22)
p1=0
1.52965(0.7452c + 0.5447)
R = 0 = 2.23
- = fw) &5 1.8263345; + 1.9423p 223)
=0
Re = f(61)|p1=0 = 1.32353 — 1.0731w + 2.97833¢ (2.24)
7=0
p2=0
1.52908,(0.7452a + 0.5461 )
R. = 0 = 2.25
- = f(5) " 1.8263346; + 1.9423p 225
=0
R. = f(a)’ o = 0.883a + 1.6289p — 0.048113 (2.26)
p1=0
Table 2.2: Standalone metric of vaccination and general treatment on R,
A B C
s/m | p1 | B|Ba|n R, s/m| & |o| B p s/n| B | B | B £
1 0 0] O | 0] 14591378 0 0 | 0] O | 1.45913788 0 0 0 | 0| 1.45913788
2 102(0| 0 |0] 1.1964930 0 [02]0] 0 | 1.16731030 0 0 | 0.2 | 0 | 0.25434513
3 |04]0] 0 | 0] 093384824 0 |04]0| 0 | 0.87548273 0 0 | 04| 0| 020246410
4 |06|0] 0 |O0]0.67120342 0 |06 |0 | 0 | 058365515 0 0 | 06| 0 | 018416303

Analysis of the above table reveals that utilizing vaccination and education independently at
65% efficacy effectively reduces disease transmission. However, even at 98% efficacy, treatment fails
to significantly impact the reproduction number due to untreated individuals in the community.
Hence, with 100% public awareness through educational programs in achieving R, of zero, is a level
attainable through vaccination and antibiotic scheme.
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2.9. Local Stability of Disease Free State

We examined the local stability of the disease-free state for cholera-measles by analysing the
minimal recurrence rate impact. When the recurrence rate R, < 1, the disease declines, to determine
stability using a Jacobian matrix and a characteristic equation.

Theorem 2.3. The disease-free state of the model is locally asymptotically stable R, < 1, otherwise R, > 1.

Proof. The linearization method is used to construct the Jacobian matrix of the system of 2.1 and
assess it at the disease free-state in order to determine the disease-free equilibrium at zero time.

-B+bt+at+T+w+p) B2 0 0 0 0 0
B —(B2 + 1) 0 0 0 0 0
jé) 0 —(c+n+p) 0 0 0 0
Jg) = a 0 0 —(o+p) 0 0 0
T 0 (c+n) 0 —(e+0+r+p 0 0
0 0 0 o 0 —(b2+p+p) O
w 0 0 0 (r+e) P — 1
Computing for the eigenvalues, |Jg, — A\iI| =0
—-B+Bi+a+T+w+p) —A B 0 0 0 0 0
I (Bt ) — A 0 0 0 0 0
B 0 —(c+n+p)—A 0 0 0 0
a 0 0 —(0+p)— A 0 0 0 [=0
T 0 (c+mn) 0 —(e4+0+r+p)—A 0 0
0 0 0 o 0 —(b2+p+p)—A 0
w 0 0 0 (r+e) p —p—A

as obtained from the Jacobian matrix result for respective eigen values:

—(e+p+or+r)—A 0

)\:_(C+77+M)/\:_(U+M)/\:—N7 ¢2 7(62+p+ﬂ)7)\

A=—(Bot+ptatw), A=—(02+p+p)

Respective eigenvalues are negatively invariant in the region %7 , indicating a biological implication
that there will be a decreases in the spread over time if necessary control measures as indicated are
strictly adhere to. Hence the system of 2.1 is asymptotically stable V \,, < 0,n =1,2...7, t > 0. O

2.10. Local Stability of Endemic Equilibrium

Theorem 2.4. The suggested model of cholera-measles disease has a locally asymptotically stable regional
resilience if the recurrence rate R, < 1 and unstable whenever R, > 1.

Proof. Suppose,
S=x+8*V=y+V"  Ei1=z+E"Ey=a+E" L1 =b+ 1" Ib=c+ 1" R=d+ R (227)

Linearizing equation 2.1, is then obtained as

DMSt)=T—-B1(x+S*) =B+ S") b+ I]) —alx+ S")(c+ ;) — (T +w)(x+ S*)+
Ba(y + V) — p(x + 57)

D"V (t) = pi(x +57) — (B2 + ) (y + S7)

D™E(t) = B(x+S*) b+ I}) — (c+n+ p)(z+ EY) (2.28)
D™MEy(t) = a(z + S*)(c+I3) — (0 + p)(a + E3)

D»L(t)=1(x+ S )+ (c+n)(z+E})—(e+ o1 +r+u) b+ 17)

D" Iy(t) =o(a+ E3) — (2 +p+p)(c+ 1)

DVR(t)=w(z+S")+ (r+e)(b+I])I{ + p(c+ I5) — u(d + R*)
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Linearizing equation 2.28, is then obtained as

D™ S(t) = —pix — pbr — acx — (T + w)x + P2y — px + higher order + non-linear terms. . .
D™V (t) = pix — (2 + 1)y + higher order + non-linear terms. ..

D™ E;(t) = Bbx — (¢ +n + p)z + higher order + non-linear terms.. ...

D™ Es(t) = acx — (0 + p)a + higher order + non-linear terms.. . .

D™ I(t) =tz + (c+n)z — (¢ + 1 + 7 + )b + higher order + non-linear terms. . .

D" I5(t) = ob — (92 + p + p)d + higher order + non-linear terms.. . .

D""R(t) = wx + (r + €)b+ pc — pd + higher order + non-linear terms.. . .

The characteristic equation obtained from its Jacobian matrix is;

—-B+/itat+THw+p) Bo 0 0 0 0 0

B —(Ba+ 1) 0 0 0 0 0

3 0 —(c+n+p) 0 0 0 0

J(EE) = o 0 0 —(o+p) 0 0 0
T 0 (c+mn) 0 —(e+d1+71+p) 0 0

0 0 0 o 0 —(b2+p+p) O

w 0 0 0 (r+e¢) P —U

Denoting that A = —(+ 1 +a+17+w+p), B=—(f2+pn),C=—(c+n+pn), D =—(0 +p),
E=—(+0+r+up), F=—(02+p+ pn), G = —p the resulting eigenvalue of the above matrix is
obtained as;

A=A [9 0 0 0 0 0
B B-XA 0 0 0 0 0
Ié] 0 C—-A 0 0 0 0
o 0 0 D -\ 0 0 0 |=0
T 0 (c+mn) 0 E—\ 0 0
0 0 0 o 0 F—A 0
w 0 0 0 (r+e) D G-\

N —(z4+blat+y)+eld+e)+(c+bIAN + ((+c)(y+5) +az+by)(1+b)AN
— (ab(c + 2) +be(a +y)) (1 + 2)X* + y(cz(a +b) + bla + 1))\’
—[(a+¢)(x+vy) +ale+ f) + bedf]N* 4 (—(a + ¢)(x + y)\ + zyzabed = 0

with the invariance of the eigen-values it is said to be locally asymptotically stable.

3. Global Stability of Disease Free equilibrium

Using the Lyapunov method and Lyapunov’s function approach, we determine the global asymp-
totic stability of the model for equation 2.1 at the disease free equilibrium.

[(t,S,V,E1, Ea, I, I3, R) = C1h + Calz + Csl3 + Cyly (3.29)
Dn3E1(t) = BSIl — (C+ n+ /L)El
Dn4E2(t) = aSly — (J + M)EQ
Dnsll(t) =78 + (C+ U)El — (6 + (51 +7r—+ M)Il
DnGIQ(t) =oFy — (52 +p+ ILL)IQ
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‘%’ — CVI3 4 O + CyIS + Cul

=C1(BSHL — (c+n+ p)E1) + Co(aSle — (0 + p)Esy) + C3(7S + (c+n)E1 — (e + 61 +r+ p)lh)
Ca(0E2 — (62 + p + p)1I2)

= Chaly — 01(0' + ,u)]1 + 01(0 +p+ 51),312 + C1815y — CQ(O[ + B9 + H)IQ + C30915 — C3(77+
w + )13

< (Coll = Ci(o + B+ )1 + (Ci(e + 61 + 1) BV + C18S0 — Co(c+ o+ 1+ P2 + p) + C362)Ia—

Cs(62 + )13
So=Vo #0, E1 = Ey = I} = I = 0 at equilibrium state of the disease spread,

So =V #0, Cl:(k+lu)’ 022{
_ 4 pa+p+p)+0(02+p+p)+Ailpe+p+p)+0(d2+p+p)
ac(Ba+ p)(c+n+ p)(o+p)(e+ 01 +7+ p)(d2+ p+ )

(6i+u+61)(6+n+o)+(a+ﬁ+w)}
p(da+ p+ 01 +c)(a+r++p)

R,

dr <H+u<5z+u+p)+a(5z+p+u)+61[u(52+u+p)+o(5z+p+u)] _1> I
dt —

i =9 o (Ba + 1)e 1+ W0+ A e+ 01 -7+ )0+ pt p)

dr

— < (Rp—1 3.30

o < (Bo—1) (3.30)
It is pertinent that when at t — oo and (', Cy < 1. Substituting into the model system of equation

2.19 reveals that, based on LaSalle’s invariance principle % = 0, is globally asymptotically stable
whenever R, > 1. O

3.1. Global Stability of Endemic Equilibrium

Theorem 3.1. The Dulac criterion is a method used in dynamical systems to determine the absence of periodic
orbits in a given region of the phase plane, which can be extended to analyze the global stability of an equilibrium
point.

Proof. For a dynamical system described by the differential equations:

dx dy
The Dulac criterion states that if there exists a continuously differentiable function B(z, y) (called
the Dulac function) such that the expression:

9 By f@y) + 2 (B y)a(e.v)

Ox Ox
is either strictly positive or strictly negative throughout a simply connected region D of the phase
plane, then there are no closed trajectories (periodic orbits) contained entirely within D.
To apply this to determine the global stability of an endemic equilibrium (z*, y*) of a mathemat-
ical model, the endemic equilibrium point (z*, y*). Also define the Dulac function B(z,y) and the
expression

0

%(B(w, y)f(z,y)) + ;C(B(x, Y)g(z,y))asB(z,y)g(z,y)
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This shows that this expression is of one sign (either strictly positive or strictly negative) in the
region of interest. If such a Dulac function B(z,y) can be found, the system has no periodic orbits
in that region, suggesting the global stability of the endemic equilibrium if no other attractors exist.
Hence, if 3B(x,y) € C* such that %(B(m,y)f(:v, y)) + %(B(m,y)g(a:,y)) # 0in D. Then there are
no closed trajectories in D. This criterion is useful in proving the global stability of the endemic
equilibrium when combined with other stability analysis techniques.

We employ this concept of Dulac’s criterion. Let X = (S,V, Ey, ., Eq, I1, I2, R) define the Dulac’s
function

G= ST The following system of equation are obtained;

(t)(SI)
G(D™V*)(SI)™Y) = 1S — (B2 + p)V
G(DMEF(t)(S)™') = BSI — (c+n+ p) B
G(DME;(t)(SI)™') = aSI, — (0 + p)E» (3.31)
GDM"IF(#)(SI) ™) =78+ (c+n)E1— (e + & +r+p)]
G(DMI())(ST)™) = 0B — (5> + p+ w)
G(D"R*(t)(SI)™") =wS + (r +e)I1 + ply — pR
ds 1
GE =37 {IT — 518 — S — aSIy — (T + w)S + f2V — pS}
av 1
G% =37 {618 = (B2 + )V}
dE; 1
dEs 1
o2 - _ 3.32
G = 57 {aSIy — (o + pu)Ey} (3.32)
G@—i{ S+(c+n)Ey —(e+ 0 +r+p}
dt - SI T c 77 1 3 1 r lu’ 1
dl 1
GE =37 {oEy — (02 + p+ p)I2}
dl 1
o "SI {oEy — (02 + p+ p) L2}
The above system of equations results to; At ¢ > 0 orbital resolution of the system of equations is
. d(GX) .
given by as obtained below.

dt

UGN _ (G + oy (G + o (GU) + o (GU02) + o (G + s (G ) + o (G2)

d(GX)
dt

0 0
=35 {IT = 1S — BSIH — aSIy — (T +w)S + B2V — uS} + FiG {B1S — (B2 + )V}
0 0
+ BT {BSh — (c+n+p)Er} + 9B, {aSL — (o + p)Er}
0 0
+7{TS+(C+’/])E1—(€+51+T‘—|—,u)11}—|—7{0'E2—(62—|—p—|—,u)12}
6[1 612
0
+ R {wS+ (r+¢e)l1 + ply — pR}
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d(GX) _{H(r+c+n+u)+[(p+p+/3>+(w+51+u>] L Gtpta)—(ptB+u)

dt ST I
(p+B+w+p) (p+o+pB2)+Ee+p+r) (B+01+n)
* T + ST T }
dGX) _ { 1 (p+w+B)=2(o+7+p)+02[c47(81 —p—2p) =82 (p+B1+1)|+(B+F2+11) } <0
dt - SI

This implies that the system has no closed orbit. It therefore portray epidemiologically that, no
existence of a periodic orbit which implies that there are fluctuations in the number of infective,
which makes it quite obvious that in allocation of resources for the control of the cholera-measles
spread, vaccination will help to eradicate the rapid spread of measles with time. O

3.2. Sensitivity Analysis of R,

The principal objective is to evaluate the recurrence rate’s sensitivity by calculating its derivative
with respect to all pertinent parameters. As a result of this investigation, the normalized forward
sensitivity index, as obtained

‘?;;;‘ = (:)9];1* X f;* = 0.0930, 8;* = 88}Z* X Rﬂ* = —1.0991, g];; = 2];;‘ X fﬁi = 0.1850
‘?3?; = ‘Z];; X ;Z = 1.1087, 88};* = 852* X Ri* = 1.2778, a;* = 88}3‘ X RL* = 1.5643
ii? = %;? X éir:ﬁL3381, iﬁf = ii? x é%': 1.2778, %i? = iﬁ? X éi'=<—19613
aai* = 852* X Rﬁ* = —1.7635, %}i* = 68}5)* X R% = —1.7635

Table 3.3: Sensitivity analysis and parameter indices

Parameters Sensitivity indices

o}
€
II
01
I
B2
b2

R R e I s

S 09T & 33
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Table 3.3, shows that the sensitivity indices of are positively invariant in R the sensitivity indices
depend on the values of the each parameters of R,, and this brings about changes in the values that
will affect the behaviour of the threshold on the spread or vanity of cholera disease. Based on the
table 3.3 above, we can concluded that parameter r is the most sensitive to the basic reproduction
number of the cholera disease. Particularly, increasing the value of ¢ will result in a 78.05% increase
in R,, while increasing the value of o will lead to a 42.73% decrease in R,.

3.3. Numerical Simulation

Conducting a numerical simulation on the cholera-measles mathematical model, the following it-
erative scheme of Laplace adomian decomposition method for the model equation is considered. The
Laplace adomian decomposition method was employed to computationally analyse the epidemic
model. Maple software facilitated the generation of iteration formulas for each compartment. These
formulas were then iteratively solved, enabling the numerical evaluation of the model’s dynamics
and providing insights into the epidemic’s behaviour and progression. Taking the Laplace transform
of both sides of the above equation.

L [ds — L[+ B5V] = L[B1S + BSL + aSs + (7 + w)S + uS]

L [dv: = L8]~ L[(B2 + V)
L [dEl: = LIBSL] — L{(c+ 1+ wE]
| Z LioSD] - Lo + B (3.33)
L [“”1: — L[rS+ (c+mE] - L[(e + 61+ + L]

L %] = Liom] - LG+ p+

L [dR =LwS+ (r+e)lh + ply] — L[uR]

mL[S(t)] = S(0) + L[IT+ BoV] = L [1S + BST + aSIz + (T + w)S + pS]
mL[V(t)] = V(0) + L [81S] = L[(B2 + n)V]
mL[E\(t)] = E1(0) + L [BSh] — L{(c+n+ p)E1]
mL[Es(t)] = E2(0) + L [aSL] — L [(0 + p) E2] (3.34)
mL[I1 )] =L(0)+ L[S+ (c+n)E] — L[(e+ 61+ 7+ u)h)
mL[I(t)] = 12(0) + L [0 E2] — L{(02 + p + p)I2]
mL[R(t)] = R(0) + L [wS + (r+¢)1 + pl2] — L [uR]

Where S(O) = S0, V(O) = Uo,E(O) = 60,1(0) = ’io, R(O) =T70.
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L[S(t)] = % + % + %L [H + 62‘/} — L [515 + 8BS + aSIy + (T + w)S + ,U,S]

LV(H] = 2 + L LI3S] ~ L{(B2+ V]

LIE/(®] = 2L + LISSK] - Ll(c+n+ wEy]

LIB(H)] = 2 + —LlaSD] ~ Li(o + p) By (3.35)
LI ()] = % + %L 7S+ (c+n)Ex] — L(e + 61+ + w)4a]
L) = 2 4 Loy ~ LI+ p+ )]

LIR®] =" + %L WS + (r + &)1y + pla)] — L[uR)

Where S(0) = so,V(0) = vg, E(0) = eg,1(0) = ig, R(0) = rg. Letting the non-linear terms in the
above iteration and substitutes by taking the inverse Laplace transform of both sides,

S(t) = s+t + L~ (;[52‘/] — L[31S + BST + aSIr + (T + w)S + uS])

Vi) =+ L7 (L L[S] - Ll + V] )

Ei(t) = o+ L1 (; + LIBSH] = Li(c+n + u)E1]>
Ey(t) =ig+L7! <; + LjaST) — L|(o + u)Eﬂ) (3.36)
L(t)=dp+L7" <Tln + L[rS + (c+n)E1] — L[(e + 61 + 7 + u)[ﬂ)

L(t) = ro+ L~ (;L[UEQ] LG4 p+ u)@])

R(t) =719+ L* (;L[ws +(r+e) + pla] — L[MR])

Subsequently, iteration result obtained from the above equation of systems is deduced as;
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oo 1 o0 oo oo
D Salt)=so+ 1t + L 1( lﬂQZVn lﬁlzs +BY Shat+a) Shi+[(r+w+p ZSnD
k=0 m k=0 k=0 k=0 k=0 k=0
oo 1 o0 oo

S Vat)=vo+ L7 =L |B1Y S| =L |(Batm)d Va )

k=0 m k=0 k=0

o0 1 o0 o0

Y Eit)=eo+ L7 <+L By SI| —L (C+77+N)ZE1]>

k=0 m k=0 k=0

oo 1 oo [e.e]

Y By(t)=ig+L7" <+L ay SIp +1)Y | B >

k=0 m k=0 k=0

o0 1 oo [e.e]

ST () =g+ L™ 1<+L TZSH+ c+n)ZE1 —L 5+51+r+u)211]>

k=0 m k=0

o0 1 o0

S L(t)y=ro+ L7 <L oY Ey| —L|(624p+p) ZIQD

k=0 m k=0 k=0

iR(t):nﬁL*l ( [wZS+ r4e Zh+p2b] ~L [uiR
k=0 k=0

)

The initial approximations of each class are given by; So(t) = so, Vo(t) = vo, E1(t) = eq, Ea(t) =
eo, I1(t) = io, I2(t) = g, Ro(t) = 70. Now, comparing the coefficients at n = 1,2,3. Using the
recurrence relations obtained from the iterations. Compartmentally it is obtained that

1 2 3
DM S(t) =11 — 55180% - §B8161 — as152 — 5(7 + w)so + Bavo — pso

DmV(t) = ,3180 — %(52 + M)Uo

DM E;(t) = %63()@'0 - g(c +n+ p)egEq

DM Ey(t) = asoio — (0 + p)eg (3.37)
DMI(t) = _%TSOTO + (c+mnerir — (e + 61 + 1+ p)ior

DM I3(t) = oegso — é(52 + p+ p)io

DM R*(t) = %wso + (r 4+ ¢€)igro — %pioel — puvero

Further iterations are done to obtain successive iterative terms at n = 2

1 1 1 1 1 . 1 . 1 .
Sa(t) = <2a22250 + 2&150 + 2azso,u0 + 2azsopo — 2&18060 + 5&250,81 — 2a25062> t2

1 1 1 1 1
+ <2M250 + Biuso + Bipvg + 55280 + 5515280 - 55152710 - 25221}0> t?

1 1 2 1 1 1 1
+ <6a2i20 + gaioﬂé + gai(ﬂru + gaimrp — gaeoﬁa + gaioﬂﬁl + 6/1,29

1 1 1
+§507T,U + 65%77 =+ 6ﬁ27rﬁ1> 3

1 . 1 1 1 1 1
Va(t) = <—26”5051 + §M2U0 — B1uso + Bapso — 55250 + 5515280 - §ﬁ152v0 + 26§vo> t2

49



Olaosebikan et al.

1 . 1 1 1
+ (—aloﬂﬁl - gﬁlﬁm - gﬁfﬂ + 6527T51> t?

6
1 1 2 1 1 1
Era(t) = (—6(12@'277 — gaioﬂé — §a’i07{'u — gaioﬂp + gaeoﬂal — 6'“277 — 6(12'07761) t3 (3.38)
1 1 2 1 1
+ (—2a2i230 — 502‘30 — gaisouo — §aisopo + iaisovo — ,u2i6051 + 2ai6002> 12
1 1 2 1 1 1 1
Eq(t) = <—6a2i27r — gaiowé — gaiow,u — gaioﬂ'p + gaeomfl - 6u27r - 6@2'07751) &
1 1 2 1 1
+ (—2a2i280 — 5(72'80 — gaiSOMO — iaiS()po + iaiSOUO — /ineoﬂl + 2ai6002> t2
Ia(t) = ——a2i%0 + {(20%501— 5 ‘zo +l ét‘lo_ f a?eoj—fu2zo P 2
1oty + 5070 — 5p01€0 — 50°€q
I Loaisy + 16%ig + dpig — Ldaieq + Sutio — ppi
Igg(t) _ _60[27’29—'_ {(2 07 2”7 0 f /2{0712 . 07fu2 0 — MP0 t2
Hoto + 507 5P01€0 — 50°€Q

1. 1 . 1 5. 1
Ro(t) = (—25p20 + §M27“0 — oty — §P220 + 2¢1<P60> £

and so on. This can be further till desired number of iterations are obtained. Thus, the obtained raw

solution to each model compartment is obtained as:

k;o k;o l;:o k=0 (3‘39)
L) =) ik®), L) =) ext), R)=> ri(t)
k=0 k=0 k=0

Evaluating these series results using the corresponding variables and parameter values for the

iterative terms gives

S(t) = 0.1739989120t° — 3.533740138t* — 138.35147941 4 174.7274788t% — 89.34895283¢ + 27.15,
V(t) = 4.671044382t* + 182.0996275t> + 109.1002246t% — 0.1960329605 x 101142 — 210.48795¢

+ 120,
L1(t) = —0.4671030819 x 10~ %> + 3.193922301¢* 4 117.2743940t> — 93.96760837¢2 + 38.399597¢
+23.09,
Ir(t) = —0.2726645556 x 10714 — 50.75344213t> 4 77.07799304t> — 83.59318206¢ + 48.92383,

E1(t) = —0.1583478276t° — 5.522198199t* — 58.53997772t% — 61.60059124¢> — 11.59646209¢ + 65,
Es(t) = 1.673648686t" 4 70.48429300t> + 41.51033700t? — 0.440381512710~ 2112 — 118.5445901¢

+ 106,
R(t) = 0.4167563352 x 102> 4 1.670999701¢* — 1342.400000t> + 4138.966974t> — 8344.357997t

+ 8381.93.

3.4. Results and Discussion

Graphical illustration of the resulting iterations is shown in Figure 3.2 — Figure 3.7:
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Figure 3.2: Time profile of the susceptible population. The susceptible class decreases rapidly at the
early stage of the outbreak and then approaches a stable level as infection and recovery dynamics
evolve over time.
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Figure 3.3: Time profile of the infectious population under public awareness intervention. The in-
fectious population rises initially, reaches a peak, and then declines gradually as awareness reduces
exposure and promotes control of transmission.
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Figure 3.4: Time profile of the recovered population under water treatment intervention. The recov-

ered class increases over time, indicating improved recovery and reduced transmission as access to
clean water interrupts the infection cycle.
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Figure 3.5: Time profile of environmental bacterial concentration. The bacterial concentration shows

an initial dip followed by a sustained increase, reflecting the continuing contribution of infected
individuals to environmental contamination despite control efforts.
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Figure 3.6: Effect of varying contact rate on the infectious population. Higher contact rates produce
larger infection peaks and slower declines, whereas lower contact rates reduce the magnitude of

infection and improve disease control.
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Figure 3.7: Effect of infectious contact with the environment on bacterial concentration. Increased in-
fectious contact with the environment leads to higher bacterial concentration, while reduced contact

lowers environmental contamination and supports outbreak control.

The simulation results reveal the dynamic effect of the intervention measures on the
cholera—measles model. Figure 3.2 shows that the susceptible population declines sharply during
the early phase of the outbreak before approaching a more stable level. This indicates that many
susceptible individuals are rapidly moved into other compartments at the onset of transmission, but
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the rate of depletion slows as intervention and recovery begin to moderate the epidemic process.
Figure 3.3 illustrates the behaviour of the infectious population under public awareness measures.
The infectious class rises to an early peak and then declines gradually with time. This suggests that
public awareness contributes to behavioural changes such as reduced exposure, earlier response to
symptoms, and better adherence to preventive measures, thereby lowering disease transmission in
the later phase of the outbreak. Figure 3.4 shows the recovered population under water treatment
intervention. After a slight initial decrease, the recovered class rises steadily, indicating that im-
proved water quality supports recovery and reduces further exposure to infection. This emphasizes
the importance of water treatment as a practical strategy for interrupting disease transmission and
improving public health outcomes. Figure 3.5 presents the environmental bacterial concentration.
The trajectory shows a brief initial reduction followed by a substantial increase over time, which im-
plies that environmental contamination persists as infected individuals continue to shed pathogens
into the environment. This means that treatment alone may not be sufficient unless it is combined
with strong sanitation and hygiene measures.

Figure 3.6 compares the infectious population at different contact rates. The curves show that
larger contact rates produce higher peaks and a slower decline in the number of infectious individu-
als, while smaller contact rates suppress the outbreak more effectively. This confirms that reducing
effective contact remains one of the most important mechanisms for controlling disease spread.

Figure 3.7 describes the effect of infectious contact with the environment on bacterial concen-
tration. As the level of environmental contact increases, bacterial concentration rises more rapidly
and reaches a higher level. Conversely, reduced contact with contaminated environmental sources
lowers bacterial build-up. This highlights the importance of sanitation enforcement, environmental
protection, and reduced human-environment exposure during outbreaks.

4. Conclusion

In conclusion, the study demonstrates that combining rapid treatment and vaccination signif-
icantly controls the spread of cholera and emancipation of measles diseases. These interventions
reduce infection rates and mitigate the diseases” impact. It is imperative for healthcare personnel to
prioritize and adhere to these measures to control cholera outbreaks effectively. Prompt treatment
and widespread vaccination should be integral components of public health strategies to combat this
persistent and potentially devastating disease. By implementing these recommendations, we can
achieve substantial progress in managing and eventually eradicating cholera and measles disease.
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